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Abstract. We develop the theory of rational ideals for arbitrary associative algebras R without assum- 
ing the standard finiteness conditions, noetherianness or the Goldie property. The Amitsur-Martindale 
ring of quotients replaces the classical ring of quotients which underlies the previous definition of rational 
ideals but is not available in a general setting. 

Our main result concerns rational actions of an affine algebraic group G on R. Working over an 
algebraically closed base field, we prove an existence and uniqueness result for generic rational ideals in 
the sense of Dixmier: for every G-rational ideal / of R, the closed subset of the rational spectrum Rat R 
that is defined by / is the closure of a unique G-orbit in Rat R. Under additional Goldie hypotheses, 
this was established earlier by Mceglin and Rentschler (in characteristic 0) and by Vonessen (in arbitrary 
characteristic), answering a question of Dixmier. 



Introduction 

0.1. Rational ideals have been rather thoroughly explored in various settings. In the simplest case, 
that of an affine commutative algebra R over an algebraically closed base field Ik, rational ideals of 
R are the same as maximal ideals. More generally, this holds for any affine Ik-algebra satisfying a 
polynomial identity ll34l . For other classes of noncommutative algebras R, rational ideals are identical 
with primitive ideals, that is, annihilators of irreducible i?-modules. Examples of such algebras include 
group algebras of polycyclic-by-finite groups over an algebraically closed base field Ik containing a 
non-root of unity fT9l and enveloping algebras of finite-dimensional Lie algebras over an algebraically 
closed field Ik of characteristic [241, (15). Rational ideals of enveloping algebras have been the object 
of intense investigation by Dixmier, Joseph and many others from the late 1960s through the 80s; 
see i )0.6l below. The fundamental results concerning algebraic group actions on rational ideal spectra, 
originally developed in the context of enveloping algebras, were later extended to general noetherian 
(or Goldie) algebras by Mceglin and Rentschler Ii25]| . ||26| . ||28| . [27 1 (for characteristic 0) and by 
Vonessen |f39l , ll40ll (for arbitrary characteristic). Currently, the description of rational ideal spectra in 
algebraic quantum groups is a thriving research topic; see the monograph f6l by Brown and Goodearl 
for an introduction. Again, rational ideals turn out to coincide with primitive ideals for numerous 
examples of quantum groups (|6] II. 8. 5]. 

0.2. The aim of the present article is to liberate the theory of rational ideals of the standard finite- 
ness conditions, noetherianness or the Goldie property, that are traditionally assumed in the literature. 
Thus, rational ideals are defined and explored here for an arbitrary associative algebra R (with 1) over 
some base field Ik. The Amitsur-Martindale ring of quotients will play the role of the classical ring of 
quotients which underlies the usual definition of rational ideals but need not exist in general. 

Specifically, for any prime ideal P of R, the center of the Amitsur-Martindale ring of quotients of 
R/P, denoted by C{R/P) and called the extended cent mid of R/P, is an extension field of Ik. The 
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prime P will be called rational if 

C{R/P) = k . 

In the special case where R/P is right Goldie, C{R/P) coincides with the center of the classical ring 
of quotients of R/P; so our notion of rationality reduces to the familiar one in this case. Following 
common practise, we will denote the collection of all rational ideals of R by Rat R; so 

Rat R C Spec R , 

where Spec R is the collection of all prime ideals of R, as usual. 

0.3. Besides always being available, the extended centroid turns out to lend itself rather nicely to 
our investigations. In fact, some of our arguments appear to be more straightforward than earlier 
proofs in more restrictive settings which were occasionally encumbered by the fractional calculus in 
classical rings of quotients and by the necessity to ensure the transfer of the Goldie property under 
various constructions. Section[T]is preliminary in nature and serves to deploy the definition and basic 
properties of extended centroids in a form suitable for our purposes. In particular, we show that all 
primitive ideals are rational under fairly general circumstances; see Proposition |6] 

After sending out the first version of this article, we learned that much of the material in this section 
was previously known, partly even for nonassociative rings. For the convenience of the reader, we have 
opted to leave our proofs intact while also indicating, to the best of our knowledge, the original source 
of each result. 

0.4. In Section |2] we consider actions of a group G by Ik-algebra automorphisms on R. Such an 
action induces G-actions on the extended centroid C{R) and on the set of ideals of R. Recall that a 
proper G-stable ideal / of i? is said to be G-prime if AB C / for G-stable ideals A and B of R implies 
that A C I or B C I. In this case, the subring C{R/I)^ of G-invariants in C{R/ 1) is an extension 
field of Ik. The G-prime / is called G-rational if 

C{R/lf = k . 

We will denote the collections of all G-prime and all G-rational ideals of R by G-Spec R and G-Rat R, 
respectively; so 

G-Rat R C G-Spec R . 

The action of G on the set of ideals of R preserves both Spec R and Rat R. Writing the corre- 
sponding sets of G-orbits as G\ Spec R and G\ Rat R, the assignment P > PlgeG 9-^ always yields 
a map 

G\Speci? — > G-Spec i?. (1) 

Under fairly mild hypotheses, ([T]l is surjective: this certainly holds whenever every G-orbit in R gen- 
erates a finitely generated ideal of R; see Proposition[8]^b). In Proposition [12] we show that ([T]) always 
restricts to a map 

G\ Rat R — > G-Rat R . (2) 

More stringent conditions are required for (|2]i to be surjective. If the group G is finite then ^ is easily 
seen to be a bijection, and it follows from LemmafTOlthat ^ is bijective as well. 

0.5. Section[3]focuses on rational actions of an affine algebraic Ik-group G on R; the basic definitions 
will be recalled at the beginning of the section. Working over an algebraically closed base field Ik, we 
show that (|2]i is then a bijection: 

Theorem 1. Let R be an associative algebra over the algebraically closed field k and let G be an 
affine algebraic group over k acting rationally by k-algebra automorphisms on R. Then the map 
P i-^ C\g£G yields a surjection Rat R G-Rat R whose fibres are the G-orbits in Rat R. 
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The theorem quickly reduces to the situation where G is connected. Theorem|22]gives a description 
of the fibre of the map Rat R — > G-Rat R over any given G-rational ideal of R for connected G. 
This description allows us to prove transitivity of the G-action on the fibres by simply invoking an 
earlier result of Vonessen |40, Theorem 4.7] on subfields of the rational function field lk(G) that are 
stable under the regular G-action. Under suitable Goldie hypotheses, Theorem [T| is due to Moeglin 
and Rentschler ||27i Theoreme 2] in characteristic and to Vonessen p40' Theorem 2.10] in arbitrary 
characteristic. The basic outline of our proof of Theorem [T| via the description of the fibres as in 
Theorem|22]is adapted from the groundbreaking work of Moeglin, Rentschler and Vonessen. However, 
the generality of our setting necessitates a complete reworking of the material and our presentation 
contains numerous simplifications over the original arguments. 

0.6. The systematics investigation of rational ideals in the enveloping algebra [/(g) of a finite-dimensional 
Lie algebra g over an algebraically closed field Ik of characteristic was initiated by Gabriel ||3T1 . lfT4l . 
As mentioned in ilO.ll it was eventually established that "rational" is tantamount to "primitive" for 
ideals of U{q); over an uncountable base field Ik, this is due to Dixmier [9J. The reader is referred 
to the standard reference ifTTl for a detailed account of the theory of primitive ideals in enveloping 
algebras; for an updated survey, see f3T|. Here we just mention that the original motivation behind 
Theorem[T|and its predecessors was a question of Dixmier [ 10| (see also [11, Problem 11]) concerning 
primitive ideals of [/(fl). Specifically, if G is the adjoint algebraic group of g then, for any ideal lof q 
and any primitive ideal Q of U{q), the ideal I — Qr\U{V) of U{f) is G-rational ||9l. Dixmier asked if 
the following are true for /: 

(a) / = HgeG ^'^^ some primitive ideal P of U{t), and 

(b) any two such primitive ideals belong to the same G-orbit. 

The earlier version of Theorem [T] due to Moeglin and Rentschler, settled both (a) and (b) in the af- 
firmative. Letting PrimC/(t) denote the collection of all primitive ideals of U{f) endowed with the 
Jacobson-Zariski topology, (a) says that the set {J G PrimL/(6) | J 3 /} is the closure of the orbit 
G.P in Prim U{^). Following Dixmier fTO] such P are called generic for /. The uniqueness of generic 
orbits as in (b) was proved for solvable g in [4 1 and generally (over uncountable Ik) in I.36J ; this fact was 
instrumental for the proof that the Dixmier and Duflo maps are injective in the solvable and algebraic 
case, respectively (Rentschler ll35l . Duflo lfT2l '). 

0.7. In future work, we hope to address some topological aspects of Rat R endowed with the Jacobson- 
Zariski topology from Spec R. Finally, it remains to bring the machinery developed herein to bear on 
new classes of algebras that lack the traditional finiteness conditions. 

1. The extended centroid 

Throughout this section, R will denote an associative ring. It is understood that all rings have a 1 
which is inherited by subrings and preserved under homomorphisms. 

1.1. The Amitsur-Martindale ring of quotients. Let S = S{R) denote the filter consisting of all 
(two-sided) ideals I of R such that 

1. anni^ I = {r e R \ rl = 0} = . 

The right Amitsur-Martindale ring of quotients, introduced for prime rings R by Martidale |22| and in 
general by Amitsur IT], is defined by 

Q,(i?) = limHom(/7j,i?fl) . 

76<f 

Explicitly, the elements of Qi-(i?) are equivalence classes of right i?-module maps f : Ir Rr with 
/ G (f; the map / is defined to be equivalent to f '■ I'r Rr {I' G S") if f and /' agree on some 
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ideal J C / n /', J e (?. In this case, / and /' actually agree on / n /'; see [1, Lemma 1]. The sum 
of two elements q,q' £ Qr(^), represented by J : Ir ^ Rr {I e S) and J'-Ir^ Rr {I' e <S), 
respectively, is defined to be the class of / + /':/ n /' R. Similarly, the product qq' £ Qi(^^) 
is the class of the composite / o /'; /'/ R- This makes Qi-(i?) into a ring; the identity element 
is the class of the identity map IAr on R. Sending an element r G i? to the equivalence class of the 
map Xr'- R ^ R, X 1-^ rx, yields an embedding of i? as a subring of Qj(i?). Suppose the element 
q G Qr(^) is represented by f : Ir ^ Rr (/ G S'). Then the equality f o Xr = A^(r) {f G I) shows 
that ql C R. 

We summarize the foregoing and some easy consequences thereof in the following proposition. 
Complete details can be found in 1 1 1 and in [32, Proposition 10.2], for example. 

Proposition 2. The ring Q^{R) has the following properties: 

i. There is a ring embedding R ^ Q^{R); 

ii. for each q G Qj(i?), there exits I G ro with ql C R; 

iii. ifql = Q for q G Qi-{R) and I ^ S' then q = 0; 

iv. given f '■ Ir Rr with I d S", there exists q G Q,-(i?) with qr = f{r) for all r E I. 
Furthermore, Qr(-R) is characterized by these properties: any other ring satisfying (i) - (iv) is R- 
isomorphic to Q^{R). 

1.2. The extended centroid. The extended centroid of R is defined to be the center of Qj(i?); it will 
be denoted by C(i?): 

CiR) = Z(Q,(i?)) . 

It is easy to see from Proposition|2]that C{R) coincides with the centralizer of R in Q^.{R): 

C{R) = CQ^(K)(i?) = G Q,(i?) I qr = rqyreR}. 

In particular, the center Z{R) of R is contained in C{R). Moreover, an element q G Qi (i?) belongs to 
C{R) if and only if q is represented by an {R, R)-bimodule map f : I ^ R with / G in this case, 
every representative f : I'j^^ Rr (/' G t?) of q is an (i?, i?)-bimodule map; see [I] Theorem 3]. 

1.2.1. By reversing sides, one can define the left ring of quotients Qi{R) and its center Ce{R) = 
Z{Q({R)) as above. However, we will mainly be concerned with semiprime rings, that is, rings R 
having no nonzero ideals of square 0. In that case, 1. ann/j / = r. ann^ / holds for every ideal / of R; 
so the definition of (^{R) is symmetric. Moreover, any q G C{R) is represented by an {R, i?)-bimodule 
map f : I ^ R with I E S". The class of / in Q^(i?) is an element q' G Ce{R), and the map q ^ q' 
yields an isomorphism C(i?) Ci{R). In the following, we shall always work with Q|.(i?) andC(i?). 

1.2.2. Let R be semiprime. Then one knows that C{R) is a von Neumann regular ring. Moreover, R 
is prime if and only if C{R) is a field; see Q] Theorem 5]. 

1.3. Central closure. Rings R such that C{R) C R are called centrally closed. In this case, C{R) = 
Z{R). For every semiprime ring R, the subring RC{R) of Q,.(i?) is a semiprime centrally closed ring 
called the central closure of R; see (|2] Theorem 3.2]. If R is prime then so is the central closure RC{R) 
by Proposition|2ii). 

The following lemma goes back to Martindale ll22l . 

Lemma 3. Let R be a prime centrally closed ring and let S be an algebra over the field C = C{R). 
Then: 

(a) Every nonzero ideal I of R ®c S contains an element Q ^ r ® s with r E R, s E S. 

(b) If S is simple then every nonzero ideal I of R ®c S intersects R nontrivially. Consequently, 
R®C S is prime. 

(c) If I is a prime ideal of R ®c S such that I C] R = then I = R ®c {I H S). 
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Proof, (a) Fix a C-basis {si} of S. Consider an element 7^ t = Vi ® Si El with a minimal 
number of nonzero i?-coefficients ri among all nonzero elements of / and choose io with r = ri„ ^ 0. 
Then the element ra;t — ta;r = X^i^^io (''^^« ~^«^^) ® must be zero for all x e R. Hence rxr^ = Vixr 
holds for all i, and by Ii22i Theorem 1], there are Ci € C such that r,; = rci. Therefore, t = r (g) s with 

* = Z^i CiSi e 5". 

(b) If S is simple then we can make s = 1 in (a), and so ^ r £ I O R. Since R is prime, it follows 
that R i^c S is prime as well. 

(c) Suppose for a contradiction that I ^ R (E)c {I n S). Replacing S by S/{I D S), we may 
assume that 1^0 but / fl i? = and I f) S — 0. Choosing r (g) s G / as in (a), we obtain that 
/ ^ S{r (g) s)R = rR (g)c Ss. Since / is prime, we must have r £ / or s G /, whence the desired 
contradiction. □ 

1.4. Examples. 

1 .4. 1 . If i? is a simple ring, or a finite product of simple rings, then tS" (R) — {R}, and hence Qi-(-R) = 
R by Proposition|2ji)(ii). Thus, R is certainly centrally closed in this case. Less trivial examples of 
centrally closed rings include crossed products R * F with R a simple ring and F a free semigroup 
on at least two generators ( 132. Theorem 13.4]) and Laurent power series rings R{{x)) over centrally 
closed rings R dlSol). 

L4.2. If R is semiprime right Goldie then C{R) — Z{Q^i{R)), the center of the classical ring of 
quotients of R. Indeed, Qci(^) coincides with the maximal ring of quotients Qn,ax(^) this case; 
see, e.g., Lambek [17. Prop. 4.6.2]. Furthermore, the Amitsur-Martindale ring of quotients Qi-(i?) is 
i?-isomorphic to the subring of Q,^^^{R) consisting of all q G Qn,ax(^) such that ql Q R for some 
/ G S{R)\ see, e.g., |(33l Chap. 24] or |'29', Chap. 3]. This isomorphism yields an isomorphism 
C{R) - Z(Q_(i?)). 

1 .4.3. Let i? be a semiprime homomorphic image of the enveloping algebra U{q) of a finite-dimensional 
Lie algebra g over some base field Ik. Answering a question of Rentschler, we show here that 

Qf(i?) consists of all ad Q-finite elements ofQ^i(R). 

Here, ad : U{g) End[< Q(,i(-R) is the standard adjoint action, given by ad x{q) — xq — qx for x £ 2 
and q G Q^i{R), and q is called adg-finite if the Ik-subspace a.dU{Q){q) of Qci(-R) is a finite dimen- 
sional. To prove the claim, recall from ^ 1 .4.2l that Oj(R) ~ {q £ Qci(^) I qI ^ i? for some / G ^(i?)}. 
First consider q G Qr(i?). Letting i?„ and /„ = / n Rn {n > 0) denote the filtrations of R and J, 
respectively, that are induced by the canonical filtration of U{g) ([TT, 2.3.1]), we have / = IsR and 
qls C Ri for suitable s,t > 0. Since both Ig and Rt are ad(g)-stable, it follows that ad ?7(g)(q)/s C 
Rt- Furthermore, 1. annQ|(^)/s = 1. annq^jjj)/ = 0; so adt/(0)(<?) embeds into Homjj (Is, i?t) 
proving that q is adg-finite. Conversely, suppose that q G Qci(^) is adg-finite and let {f/i}'" be a 
Ik-basis of adC/(g)(g). Each Di = {r £ R \ qir G R} is an essential right ideal of R, and hence 
I = n™ F)i ~ {r E R \ adU (g) {q)r C R} is an essential right ideal of R which is also ad(g)-stable, 
since this holds for ad U (g)('?) and R. Therefore, / G S'{R) which shows that q G Qj.{R). 

1.5. Centralizing homomorphisms. A ring homomorphism ip: i? — > is called centralizing if the 
ring S is generated by (p{R) and the centralizer Csi^fiiR)) — ^ ^ \ s(p{r) = (p{r)s Vr G R}. Sur- 
jective ring homomorphisms are clearly centralizing, and composites of centralizing homomorphisms 
are again centralizing. Note also that any centralizing homomorphism Lp: R ^ S sends the center 
Z{R) of R to Z{S). Finally, (p induces a map Spec S — > Spec R, P ^ (p^^{P). 

For any q G Q^{R), we define the ideal Dq of R by 



Dg^ {r e R \ qRr <Z R} 



(3) 
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By Proposition Dq £ S{R). If q e C{R) then the description of the ideal Dq simphfies to 

Dq = {r £R\qr £ R}. 

Lemma 4. Let <p : R ~> S be a centralizing homomorphism of rings. Put 

C^ = {qe C{R) I 1. anns ip{Dq) ^ 0} . 

Then RC^ is a subring of Q^.{R) containing R. The map ip extends uniquely to a centralizing ring 
homomorphism if) : RC^p — > SC{S). In particular, (p{Cp) C C{S). 

Proof Put 

R^ = {qe q,{R) I 1. aims ^(Dq) = 0} . 

Since R = {q £ Qi{R) \ 1 G Dq}, we certainly have R C i?^. For q, q' e Qi-(-R), one easily checks 
that DqiDq ^ Dq n Dq' C Dq+qi and DqiDq C Dqq'. Morcovcr, if f{Dq) and (f{Dqi) both have 
zero left annihilator in S then so does (p{DqiDq) = (p{Dq')(p{Dq). This shows that q + q' <E R^ and 
qq' e Rip for q, q' G so i?;^ is a subring of Qf(-R) containing R. Since = Z{Rp), it follows 
that i?C^ is also a subring of Qi-(i?) containing R. 

Now let qeC^he given. Then (^(L'g)^ = ip{Dq)Cs{(p{R)) e Define g: (/7(i:'q)S' 5* by 

'P{xi)c^) = ^ (p{qx,)c^ 

i i 

for 6 £)g, Ci £ Cs (iy9(i?)). To see that g is well-defined, note that, for each d £ Dq, we have 

ip{xi)ciip{qd) = ^ ((9(a;i)(y9(gfd)Q = ^ ip{xiqd)ci 

ill 

= ^ Lp{qxid)ci = ^ ip{qxi)ip{d)ci 

i i 

= ^ ip{qxi)ciif(d) . 

i 

Thus, if if{xi)ci — 'Y^- (p{yj)ej with x^, j/j e Z?g and Ci, ej G Cs{(p{R)) then the above computa- 
tion gives 

and so = J2i 'p{qxi)ci ~ J2j f{'iyj)cj- Therefore, g is well-defined. 

It is straightforward to check that q is an {S, S')-bimodule map. Hence, the class of g in Qi-(i?) is 
an element (p{q) E C{S). The map q i— > ip{q) is a ring homomorphism C{S) which yields 

the desired extension ^ : RC^ SC{S): ^{J2i''"i1i) — J2ifi^i)'?ili) for G R, qi G C^. Well- 
definedness and uniqueness of ^ follow easily from the fact that, given finitely many Xi E R^p, there is 
an ideal D of R with 1. anns (p{D) = and XiD C R for all i. □ 

In the special case where both R and S are commutative domains in Lemma |4] above, we have 
Qf(i?) = C{R) = Fracti?, the classical field of fractions of R, and similarly for S. Moreover, 
RC(p = Rp is the localization of R at the prime P ~ Ker ip and the map RCp SC{S) is the usual 
map Rp ^ Fract S. 
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1 .6. Extended centroids and primitive ideals. By Schur's Lemma, the endomorphism ring Endi? V 
of any simple i?-module Vr is a division ring. The following lemma is well-known in the special 
case of noetherian (or Goldie) rings (see, e.g., Dixmier | iT, 4.1.6]); for general rings, the lemma was 
apparently first observed by Martindale |21 , Theorem 12]. Since the latter result is stated in terms of 
the so-called complete ring of quotients, we include the proof for the reader's convenience. 

Lemma 5. Let Vr be a simple R-module, and let P — ann^ V be its annihilator. Then the canonical 
embedding Z{R/ P) ^ Z (End/j V) extends to an embedding of fields 

C{R/P) Z (End;? V) . 

Proof. We may assume that P = 0. For a given q £ C{R), we wish to define an endomorphism 
5q € Z (Endi? V). To this end, note that every x ^ V can be written as x = vd for suitable d £ Dg, 
V ^ V. Define 

Sq{x) = v{dq) e V . 

To see that this is well-defined, assume that vd = v'd' holds for v,v' e V and d, d' £ Dq. Then 
{v{dq) — v'{d'q)) Dq — {vd — v'd') [qDq) = and so v{dq) — v'{d'q) — 0. It is straightforward to 
check that 5q e End/? V . Moreover, for any 5 G End/? V and vd e V, one computes 

55q{vd) = 5{v{dq)) = 5{v){dq) = Sq{6{v)d) = 6q5{vd) . 

Thus, 5q e Z (EndRV). The map C{R) Z (EndRV), q t-> 5q, is easily seen to be additive. 
Furthermore, for q, q' e C{R), d G Dq, d' G Dqi and v ^V, one has 

5qq,{vd'd) = V{d'dqq') = V{d'q'){dq) = 5q{5q,{vd')d) ^ 5q{6q,{vd'd)) . 

Thus, the map is a ring homomorphism; it is injective because C{R) is a field. □ 

1.7. Rational algebras and ideals. An algebra R over some field Ik will be called rational (or Ik- 
rational) if R is prime and C{R) = Ik. A prime ideal P of R will be called rational if i?/P is a rational 
Ik-algebra. In view of ill. 2. II the notion of rationality is left-right symmetric. 

We remark that rational Ik-algebras are called closed over kin 1 13| where such algebras are investi- 
gated in a non-associative context. Alternatively, one could define a prime Ik-algebra R to be rational if 
the field extension C(i?)/lk is algebraic; for noetherian (or Goldie) algebras, this version of rationality 
is adopted in many places in the literature (e.g., |i6jj). However, we will work with the above definition 
throughout. 

1.7.1. By dthe central closure RC{R) of any prime ring R is C(i?) -rational. 

1.7.2. The Schur division rings End/? V considered in ill. 61 are division algebras over Ik, and their 
centers are extension fields of Ik. We will say that the algebra R satisfies the weak Nullstellensatz if 
Z (End/? V) is algebraic over Ik for every simple i?-module Vr. 

Proposition 6. If R is a k-algebra satisfying the weak Nullstellensatz and Ik is agebraically closed 
then all primitive ideals of R are rational. 

Proof. By hypothesis, Z (End/? T^) = Ik holds for every simple i?-module Vr. It follows from 
Lemma|2]that P = anriR V satisfies C{R/P) = Ik. □ 

For an affine commutative Ik-algebra R, the Schur division algebras in question are just the quo- 
tients R/P, where P is a maximal ideal of R. The classical weak Nullstellensatz is equivalent to 
the statement that R/P is always algebraic over Ik; see, e.g., Lang ITSl Theorem IX. 1.4]. Thus affine 
commutative algebras do satisfy the weak Nullstellensatz. 

Many noncommutative algebras satisfying the weak Nullstellensatz are known; see 1231 Chapter 
9] for an overview. In fact, as long as the cardinality of the base field Ik is larger than dimj^ R, the 
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weak NuUstellensatz is guaranteed to hold; see ll23l Corollary 9.1.8] or |6j II. 7. 16]. This applies, for 
example, to any countably generated algebra over an uncountable field Ik. 

1.8. Scalar extensions. We continue to let R denote an algebra over some field Ik. For any given 
Ik-algebra A, we have an embedding 

which extends the canonical embedding R^^^A ^ Qr(-R ®ik A). For, let q e Qr(i?) be represented by 
the map f : Ir ^ Rr with / G S{R). Then I ®^ A £ S{R®^ A). Sending q to the class of the map 
/ (8) Wa we obtain a ring homomorphism Qi-(-R) Qr(^ ®»< ^) extending the canonical embedding 
R ^ i?(X>ii<^ ^ Q^.{R(E)\kA). By Proposition|2ii),(iii), the image of Qr(-R) in Q^.{R(E)i^A) commutes 
with A and the resulting map Qr(i?) (8)|k ^ ^ Qr(^ ®ik ^) injective. Moreover, since / Id^ is 
an (i? ®ii< A, R (E)fk ^)-bimodule map if / is an {R, _R)-bimodule map, the embedding of Qi-(-R) into 
Qj(i? 0[k A) sends C{R) to C{R 0[k A). Thus, if A is commutative, this yields an embedding 

CiR)(E)t,A^C{R(g)t,A) . (4) 

The following lemma is the associative case of lfT3l Theorem 3.5]. 

Lemma 7. Assut^ie that R is rational. Then, for every field extension K/'k, the K -algebra Rk — 
R ®||< K is rational. 

Proof. By Lemma|3jb), we know that Rk is prime. Moreover, for any given q G C{Rk), we may 
choose an element ^ a; G Dq n R. Fix a Ik-basis {fc, } for K. The map 

qi-. I ^ RxR Rk R®ki — > R 
is an (i?, i?)-bimodule map. Hence qi is multiplication with some G Ik, by hypothesis on R, and all 
but finitely many q are zero. Therefore, the map / Rk is multiplication with k = c^fci G K. 
Consequently, q — k ^ K. □ 

2. Group actions 

In this section, we assume that a group G acts by automorphisms on the ring R; the action will be 
written as G x R ^ R, (g, r) ^ g.r. 

2.1. Let M be a set with a left G-action G x M ^ M, {g, m) ^ g.m. For any subset X of M, 

Gx = stabc X = {.g G G I .g.X = X} 
will denote the isotropy group of X. Furthermore, we put 

(X : G) = fl g.X ; 

see 

this is the largest G-stable subset of M that is contained in X. We will be primarily concerned with 
the situation where M — R and X is an ideal of R in which case {X : G) is also an ideal of R. 

2.2. G-primes. The ring R is said to be G-prime if i? ^ and the product of any two nonzero G- 
stable ideals of R is again nonzero. A G-stable ideal / of i? is called G-prime if R/I is a G-prime 
ring for the G-action on R/I coming from the given action of G on R. In the special case where the 
G-action on R is trivial, G-primes of R are just the prime ideals of R in the usual sense. Recall that 
the collection of all G-prime ideals of R is denoted by G-Spec R while Spec R is the collection of all 
ordinary primes of R. 

Proposition 8. (a) There is a well-defined map 

SpecR — >G-Speci?, P ^ {P : G) . 
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(b) Assume that, for each r £ R, the G-orbit G.r generates a finitely generated ideal of R. Then 
the map in (a) is surjective. In particular, all G-primes of R are semiprime in this case. 

Proof. It is straightforward to check that (P : G) is G-prime for any prime ideal P of R; so (a) is clear. 

For (b), consider a G-prime ideal / of R. We will show that there is an ideal P of R which is 
maximal subject to the condition (P : G) = /; the ideal P is then easily seen to be prime. In order 
to prove the existence of P, we use Zorn's Lemma. So let {Ij} be a chain of ideals of R such that 
{Ij : G) — I holds for all j. We need to show that the ideal = IJ^ Ij satisfies : G) = I. For 
this, let r e (/* : G) be given. Then the ideal {G.r) that is generated by G.r is contained in (/* : G) 
and (G.r) is a finitely generated G-stable ideal of R. Therefore, (G.r) C [Ij : G) for some j and so 
r e /, as desired. □ 

For brevity, we will call G-actions satisfying the finiteness hypothesis in (b) above locally ideal 
finite. Clearly, all actions of finite groups as well as all group actions on noetherian rings are locally 
ideal finite. Another important class of examples are the locally finite actions in the usual sense: by 
definition, these are G-actions on some Ik-algebra R such that the G-orbit of each r E R generates 
a finite-dimensional Ik-subspace of R. This includes the rational actions of algebraic groups to be 
considered in Section[3] In all these cases, Proposition[8]is a standard result; the argument given above 
is merely a variant of earlier proofs. 

2.3. G-primes and the extended centroid. The G-action on R extends uniquely to an action of G on 
Qj(P): if g G Qr(-R) is represented by f : Ir ^ Rr [I £ ^) then g.q G Qi{R) is defined to be the 
class of the map g.f: g.I — > R that is given by {g.f){g.x) — g.f{x) for x € I. Therefore, G also 
acts on the extended centroid C{R) of R. As usual, the ring of G-invariants in C{R) will denoted by 



Proposition 9. If R is G-prime then C{R)'^ is afield. Conversely, if R is semiprime and C{R)^ is a 
field then R is G-prime. 

Proof. We follow the outline of the proof of ||l] Theorem 5]. 

First assume that R is G-prime and let ^ q G C{R)'^ be given. Then qDq is a nonzero G- 
stable ideal of R, and hence 1. aimii{qDq) = because R is G-prime. So qDq G S{R). Moreover, 
annij;(g) = {r G i? | rq = 0} C 1. a.miii{qDq) and so aimn^q) — 0. Therefore, the map Dq — *■ qDq, 
r qr = rq, is an (R, i?)-bimodule isomorphism which is G-equivariant. The class of the inverse 
map belongs to C{R)^ and is the desired inverse for q. 

Next, assume that R is semiprime but not G-prime. Then there exists a nonzero G-stable ideal / of 
R such that J = 1. ami /;■(/) 0. Since R is semiprime, the sum / + J is direct and I + J E <S{R). 
Define maps /, /' : / + J — > P by f{i + j) = i and f'{i + j) = j. Letting q and q' denote the classes 
of / and /', respectively, in Q„{R) we have /, /' G C(R)^ and //' = 0. Therefore, C{R)^ is not a 



The following technical lemma will be crucial. Recall that Gj denotes the isotropy group of /. 

Lemma 10. Let P be a prime ideal of R. 

(a) For every subgroup of H < G, the canonical map R/{P : G) -» R/{P '■ H) induces an 
embedding of fields 



C{Rf. 



field. 



□ 



C(P/(P : G)f ^ C(P/(P : H)f'-^-"^ . 




(b) If P has a finite G-orbit then we obtain an isomorphism of fields 

C{R/{P : G)f CiR/Pf" . 
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Proof, (a) After factoring out the ideal [P : G) we may assume that {P : G) — 0, R is G-prime, and 
C{R)^ is a field; see Propositions |8] and |9] Consider the canonical map 

ip: R^S := R/{P : H) . 

Using the notation of Lemma ID we have C{R)^ C C^p. Indeed, for each q G C{R)^, the ideal 
Dq is nonzero and G-stable, and hence Dq ^ P. Therefore, (p{Dq) is a nonzero //-stable ideal 
of the iJ-prime ring S, and so f{Dq) G <S'{S). The map C^p C{S) constructed in Lemma |4] 
yields an embedding embedding C{R)'^ '-^ C{S): the image of q G C{R)'^ is the class of the map 
/: ip{Dq) S that is defined by f{(p{x)) — (p{qx) for x G Dq. Since ip is G(p./f) -equivariant, one 
computes, for x G Dq and g G G^p-h), 

{9-f){9-V{x)) = g.f{^{x)) = g.ip{qx) = ip{g.{qx)) 

= ^{l{9-x)) = f{if{g.x)) = f{g.Lp{x)) ; 

so g.f — f. Therefore the image of C(i?)^ is contained mC{S)^(^ "K 

It remains to show that [C(S')*^(^-«) : C{R)^] < [G : G(p,h)\ if the latter number is finite. To this 
end, put N = Plgec 9^^^{P-H)9'' this is a normal subgroup of G which has finite index in G and is 
contained in Gi^p.jj)- Since [P : H) = {P : G(^p.H)), the foregoing yields embeddings of fields 

C{Rf ^ C{Sf'^-"^ = C{R/{P : G(^p.,H))f'''-"^ ^ C{R/{P ; N))^' , 

where N' := G^p-u) H G^p.^y The image of C{R)'~^ under the composite embedding is contained in 
C{R/{P : N))'^(r'--N) and, by Galois theory, 

[C{R/{P : N))^' : C{R/{P : 7V))G(p-)] < [G(p^jv) : N'] < [G : G(p.h)] • 

It suffices to show that the image of C(i?)'^ is actually equal to C{R/(P : N))^(^--«\ Therefore, 
replacing H by N, it suffices to show: 

If iJ < G and [G : G(^p,h)] < oo then C{Rf maps onto C{Sf'''--"^ . (5) 

To this end, we will prove the following 

Claim 11. Let t G C{S)'^f^--'^> be given. There exists a G-stable ideal / of i? such that ^ ip{I) C Dt 
and such that, for every x G /, there exists an a;' G i? satisfying 

(p{g.x') — tip{g.x) for all g G G. (6) 

Note that G-stability of / and the condition Lp{I) C Dt ensure that t(p{g.x) G S holds for all g G G, 
X <E I. Moreover, any G-stable ideal / satisfying ^ Lp{I) belongs to S'{R). For, 1. arms =0 
since S is iJ-prime, and hence 1. annp / is contained in [P : G) — 0. Finally, the element x' is 
uniquely determined by (|6]l for any given X. Indeed, if x" G i? also satisfies (|6]l then (^(g.x') = ip{g.x") 
holds for all 5 G G and so x' — x" G (P : G) = 0. Therefore, assuming the claim for now, we can 
define a map 

f:I^R, x^x'. 
It is easy to check that / is G-equivariant. Furthermore, for ri , r2 G R, 

ip{g.{rix'r2)) = ip{g.ri)(p{g.x')(p{g.r2) = (p{g.ri)tip{g.x)(p{g.r2) 
= tip{g-ri)'p{g.x)ip{g.r2) = t<f{g.{rixr2)) . 

This shows that / is {R, i?)-bilinear Hence, defining q to be the class of /, we obtain the desired 
element q G C{R)'^ mapping to our given t G C{S)'^''^-"^ , thereby proving 
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It remains to construct / as in the claim. Put 

/ \ [G:G(P:H-)1 

D=[ Pi x.{P : H)+y.{P : H) 

x.yGG 

Then is a G-stable ideal of R satisfying ^ ^{D)- For the latter note that the finitely many ideals 
x.(P : H) + y.{P : H) are iJ-stable, since H is normal, and none of them is contained in (P : H). 
By the Chinese remainder theorem 17] 1.3], the image of the map 

y.:R ^ n R/9-{P--H) ^ H S 

u; UJ UJ 

{r + 9-{P ■■ H))geG/G(p:H^ ^ Mg~^-r))geG/G^p.,Hy 

contains the ideal YigeG/G^^p h) P^*^ ^ — if^^iDt) ■ G)D. This is certainly a G-stable 

ideal of R satisfying iy9(/) C Dt . Suppose that — 0. Since ip{D) is a nonzero i/-stable ideal of 
the iJ-prime ring 5, we must have 

{^-\Dt):G)= fl g.^-i(A)C(P:F) 

geG/G^p,H) 

and so g.(p~^{Dt) C [P : H) for some g ^ G. But then g.(p~^{Dt) ^ (p^^{Dt) which is im- 
possible because ip^^{Dt) is G(p./f) -stable and Gi^p-n) has finite index in G. Therefore, Lp{I) ^ 0. 
Finally, if x G / then (p{g.x) £ Dt(p{D) for all g ^ G, and hence t(p{g.x) £ f{D)- Therefore, 
{tip{g~^ .x))g^G/G(p-H) ~ l^i^') for some x' G _R, that is, iy9((7~^.a;') = {tip{g^^ .x)) holds for all 
g e G/G^p-H)- Since (yS and t are G(p. -invariant, it follows that (p{{gh)~^ .x') — {tip{{gh)~^ .x)) 
holds for all g G G/G(p.H), h G G(^p.}jy Therefore, ip{g.x') — tif{g.x) for all g G G, as desired, 
(b) This is just ^ with H =\. □ 



2.4. G-rational ideals. Assume now that R is an algebra over some field Ik, as in Section [LT] and 
that G acts on R by k-algebra automorphisms. A G-prime ideal I of R will be called G-rational if 
C{R/I f = Ik. One can check as in ill.2.1l that the notion of G-rationality is left-right symmetric. 

Lemma [TOl" a) with H = 1 immediately implies the following 

Proposition 12. The map Speci? — > G-Speci?, P i-^ [P : G), in Proposition\8\ restricts to a map 
Rat R G-Rat R. 

Unfortunately, the map Rat R G-Rat R above need not be surjective, even when the G-action 
on R is locally ideal finite in the sense of PropositionOb): 

Example 13. Let P D Ik be any non-algebraic field extension satisfying = Ik for some subgroup 
G of Gal(P/lk). For example, F could be chosen to be the rational function field lk(t) over an infinite 
field Ik and G = Ik* acting via \.f{t) = f{X~^t) for A G Ik*. The G-action on F is clearly locally ideal 
finite and Q/P) = C{F) = F. Therefore, the zero ideal of F is G-rational, but F has no rational 
ideals. 

2.5. Algebras over a large algebraically closed base field. We continue to assume that R is an 
algebra over some field Ik and that G acts on R by Ik-algebra automorphisms. The following lemma is 
a version of Ii25i Lemme 3.3]. 

Lemma 14. Let I G Spec R be given. Put C = C{R/I) and consider the natural map of G-algebras 

i;: Rc = R(g)kG ^ (R/I) C ^ {R/I)C 
where {R/I)G C Q^{R/I) is the central closure of R/L Then: 
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(a) / = Keri/; is a C-mtional ideal of Rc- 

(b) If I G G-Rat R then, letting G act on Rc by C-linear extension of the action on R, we have 

{I: G)^I®^C . 

Proof. Part (a) is clear, since Rc/I — {R/I)C is C-rational; see i ll. 7. II 

For (b), note that the map ip is G-equivariant for the diagonal G-action on Rc ~ R(E)\kC and the 
usual G-action on {R/I)C C Q^.{R/I). Therefore, / is stable under all automorphisms g ® g with 
g € G, and hence we have {g 1)(/) = (1 g^^){I). We conclude that 

(7:G)= f]{l^g)iI)^I^^G , 

g&G 

where the last equality uses the fact that I D R = I and our hypothesis G^ = Ik; see ||5j Cor. to 
Prop. V.10.6]. □ 

As an application of the lemma, we offer the following "quick and dirty" existence result for generic 
rational ideals. 

Proposition 15. Let R be a countably generated algebra over an algebraically closed base field Ik 
of infinite transcendence degree over its prime subfield and assume that the group G is countably 
generated. Then every prime ideal I G G-Rat R has the form I ~ {P : G) for some P G Rat R. 

Proof. Let a prime / G G-Rat R be given and let Iko denote the prime subfield of Ik. By hypothesis on 
R, we have dimik i? < Hq. Choosing a Ik-basis B of R which contains a Ik-basis for / and adjoining 
the structure constants of R with respect to B to Ikg, we obtain a countable field K with Ikp C iiT C Ik. 
Putting Rq = J2bei3 obtain a /-C-subalgebra of R such that R = Rq (E>k Ik and I = Iq ® a' Ik, 

where Iq — I f) Rq. At the cost of adjoining at most countably many further elements to K, we 
can also make sure that Rq is stable under the action of G. Thus, Rq /Iq is a G-stable X-subalgebra 
of R/I and R/I = (Ro/Iq) ®k Ik. Put G = C{Rq/Io) and note that © implies that G^ = K, 
because C{R/I)^ = k. Thus, /q G G-Rat i?,o and Lemma [14] yields an ideal Tq G Rat(i?o ®k G) 
such that (/q : G) — Iq ®k G. Furthermore, since Rq/Iq is countable, the field G is countable as 
well; this follows from Proposition |2] By hypothesis on Ik, there is a Iko -embedding of G into Ik; see 
lis] Cor. 1 to Theoreme V. 14.5]. Finally, Lemma [T] implies that P = Iq ®c Ik is a rational ideal of 
{Rq G) (E)ck = R satisfying (P : G) = {Iq ®k G)®c'^ = L as desired. □ 



3. Rational actions of algebraic groups 

In this section, we work over an algebraically closed base field Ik. Throughout, the group G will 
be an affine algebraic group over Ik and R will be a Ik-algebra on which G acts by Ik-algebra automor- 
phisms. The Hopf algebra of regular functions on G will be denoted by lk[G]. The notations introduced 
in SectionlJremain in effect. In addition, (g) will stand for 

3.1. G-modules. A Ik-vector space M is called a G-module if there is a linear representation 

PM-G^Gh{M) 

satisfying 

(a) local finiteness: all G-orbits in M generate finite-dimensional subspaces of M, and 

(b) for every finite-dimensional G-stable subspace V C the induced group homomorphism 
G GL(T^) is a homomorphism of algebraic groups. 
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As is well-known, these requirements are equivalent to the existence of a Ik-hnear map 

Am : M — >M®k[G] (7) 

which makes M into an lk[G]-comodule; see Jantzen fT6l 2.7-2.8] or Waterhouse 141, 3.1-3.2] for 
details. We will use the Sweedler notation 



Am('ti) = ^0 "Xi mi (m G M) 
as in Montgomery ||30l . Writing pM{g){m) = g.m, we have 

g.m — y momi{g) {g &G,m £ M) . (8) 



Linear representations pM as above are often called rational. Tensor products of rational represen- 
tations of G are again rational, and similarly for sums, subrepresentations and homomorphic images of 
rational representations. 

Example 16. If the group G is finite then G-modules are the same as (left) modules M over the group 
algebra IkG and all linear representations of G are rational. Indeed, in this case, lk[G] is the linear dual 
of IkG, that is, the Ik-vector space of all functions G ^ Ik with pointwise addition and multiplication. 

The map A a/ : M ^ M ® k[G] is given by 

Aa/ (to) = ^ x.m ® , 

xeG 

where £ lk[G] = (IkG)* is defined by Px{y) — S^.y (Kronecker delta) for x,y G G. 

3.2. Some properties of G-modules. Let M be a G-module. The coaction Am in © is injective. In 
fact, extending A a/ to a map 

Am : M (g) k[G] — > M (® k[G] (9) 

by Ik [G] -linearity, we obtain an automorphism of M (g) lk[G]: the inverse of Am is the Ik [G] -linear 
extension of the map (Id a/ ®S) oAm- M — > M (g) lk[G], where S: k[G] k[G] is the antipode of 
k[G]: (5/)(<?) = /(<?-!) for .9 GG. 

Furthermore, G-stable cores can be computed with Am as follows. 

Lemma 17. For any k-subspace V ofM, we have {V : G) = A^/(F ® k[G]) 

Proof. Fix a Ik-basis {vi} of V and let {wj} be a Ik-basis for a complement of V in M. For to G AI, 
we have AAf(TO) — Vi® fi~\- Wj ® hj with uniquely determined fi, hj G lk[G]. Moreover, 

Am(to) eV(g) k[G] <=^ all hj^O ^ "igeG: g.m = ^ v,fi{g) G V . 

i 

This proves the lemma. □ 

3.3. Regular representations and intertwining formulas. The right and left regular representations 
of G are defined by 

Pr-.G^ GL(a<[G]) , (M^)f) (y) = f{yx) , 

pr.G^ GL{k[G]) , {p,{x)f) {y) = f{x-^y) . ^^^^ 

for x,y £ G. Both regular representations are rational. The right regular representation comes from 
the comultiplication A : lk[G] — > lk[G] g) lk[G] of the Hopf algebra lk[G]; in the usual Sweedler notation, 
it is given by A/ — J2fi^ /2, where f{xy) —^fi {x)f2 {y) for x,y £ G. Similarly, the left regular 
representation comes from (S* (g) Id|i<[G]) o A o S : k[G] — > lk[G] (g) lk[G]. 
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Now let M be a G-module. Then the rational representations 1m ® pi'- G ^ GL(M ® '^[G]) and 
Pm ® Pi'- G — » GL(M (g) ll<[G]) are intertwined by the automorphism Am of (|9|i: for all g ^ G, we 
have 

Am o (1m <E) pt) {g) = (pm ® ) (5) ° Am • (1 1) 

Similarly, 

Aa/ O (pm Pr) (5) = (1m ® Pr) (g) O Aa/ . (12) 

To prove (fTzl l. for example, one checks that both sides of the equation send m (2) / G M ® lk[G] to the 
function G ^ A/, x i— > xg.mf{xg). 

3.4. Rational group actions. The action of G on the Ik-algebra i? is said to be rational if it makes R 
a G-module in the above sense. The map 

Aij: R^R(^k[G] 

is then a map of Ik-algebras; equivalently, i? is a right lk[G]-comodule algebra. Since rational actions 
are locally finite, they are certainly locally ideal finite in the sense of Proposition [Hb). Therefore, 
the G-primes of R are exactly the ideals of R of the form (P : G) for P G Spec R. In particular, 
G-prime ideals of R are semiprime; for a more precise statement, see Corollary I^TIbelow. Moreover, 
the Ik [G] -linear extension of A/j is an automorphism of Ik [G] -algebras 

AJ^ : i? ® B<[G] ^ i? ® B<[G] . (13) 

We now consider the extended G-action on the Amitsur-Martindale ring of quotients Qj.(i?); see 
il2.3l This action is usually not rational, even if G acts rationally on R. Part (b) of the following 
lemma, for classical quotient rings of semiprime Goldie rings, is due to McEglin and Rentschler ||28l 
1.22]. 

Lemma 18. Assume that G acts rationally on R- Then: 

(a) The centralizer Cg(T) = {g G G \ g-q — q\lq ^ T} of every subset T C Qf(i?) is a closed 
subgroup of G. 

(b) Let V C Qf(-R) be a G-stable k-subspace o/Q|.(i?). The G-action on V is rational if and only 
if it is locally finite. 

Proof, (a) In view of Proposition|2jiii), the condition for an element 5 e G to belong to Cg (T) can be 
stated as 

yqeT,r e Dq : {q~ g-q)g-r = , 
where Dq is as in (O. Using the notation of dH), we have 

{q - 9-q)9-r q{g-r) - g-{qr) ^ ^qrori{g) - ^{qr)oiqr)i{g) . 

Thus, putting f^^q ^J2l'^o<^ri- Y.il'^)o ® Mi £ Q,{R) <E> k[G], we see that g e Cg{T) if and 
only if fr.qig) — holds for all q ^ T and all r G Dg. Since each equation fr.q{g) — defines a 
closed subset of G, part (a) follows. 

(b) Necessity is clear. So assume that the G-action on V is locally finite. Put S = R(E) k[G] and 
consider the lk[G]-algebra automorphism Ar G Aut(S') as in (T3[ and its extension A G Aut(Qj(S')). 
We must show that, under the canonical embedding Q^{R) ^ Qi (S") as in i]1.8l we have 

A{V) CV (^k[G] . (14) 

Since the action of G on V is locally finite, we may assume that V is finite-dimensional. Therefore, 
the ideal Dy = Clq^y ^1 belongs to <S{R) and Dy is G-stable, since V is. Lemma [TT] implies that 
A(Dy ®k[G]) = Dv ®k[G], and hence 

A{V){Dv k[G]) = A{V{Dv ® k[G])) C S . 
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This shows that the subspace A{V) C Qj(S') actually is contained in Qr(-R) ll<[G], and ( fT4l ) follows 
from Lemma [TtI since V = {V : G). □ 

From now on, the G-action on R is understood to be rational. 

3.5. Connected groups. The group G is connected if and only if the algebra lk[G] is a domain. In this 
case, 

k{G) = Fracta<[G] 

will denote the field of rational functions on G. The group G acts on lk(G) by the natural extensions of 
the right and left regular actions pr and pi on lk[G]; see i )3.3l 

Part (a) of the following result is due to Chin [8 Corollary 1.3]; the proof given below has been 
extracted from ll40l 3.6]. The proof of part (c) follows the outline of the arguments in 1,28. 1.29, 2"^ 
etape]. 

Proposition 19. Assume that G is connected. Then: 

(a) { P : G) is prime for every P G Spec R. Therefore, the G-primes of R are exactly the G-stable 
primes of R. 

(b) Assume that R is prime and every nonzero ideal I of R satisfies (I : G) 0. Then G acts 
trivially on C{R). 

(c) If R is G-rational then the field extension C(i?)/lk is finitely generated. In fact, there is a G- 
equivariant 'k-embedding of fields C{R) ^ lk(G), with G acting on lk(G) via the right regular 
representation pr. 

Proof, (a) It suffices to show that {P : G) is prime for each prime P; the last assertion is then a 
consequence of Proposition |8] 

By i )3.4l we know that the homomorphism : R ^ R(g) k[G] is centralizing. Therefore, there is 
a map Spec(i?®B<[G]) ^ Speci?, Q ^ A^^(Q). In view of LemmafTTl it therefore suffices to show 
that P lk[G] is prime whenever P is. But the algebra k[G] is contained in some finitely generated 
purely transcendental field extension F of Ik; see Borel lU 18.2]. Thus, we have a centralizing extension 
of algebras 

(R/P) (E) k[G] C (R/P) ® F . 
Since {R/P) ® F is clearly prime, [R/P) ® lk[G] is prime as well as desired. 

(b) We first prove the following special case of (b) which is well-known; see f38^, Prop. A.l]. 

Claim 20. If i? is a field then G acts trivially on R. 

Since G is the union of its Borel subgroups ([3] 11.10]), we may assume that G is solvable. Arguing 
by induction on a composition series of G (|3, 15.1]), we may further assume that G is the additive 
group Ga or the multiplicative group G^. Therefore, i? (g) lk[G] is a polynomial algebra or a Laurent 
polynomial algebra over R. In either case, R is the unique largest subfield of R ® lk[G], because 
R ® lk[G] has only "trivial" units: the nonzero elements of R\f R® lk[G] = R[t], and the elements 
of the form rt™ with ^ r e i? and m e Z if i? ® lk[G] = R[t^^]. Consequently, the map 
Aj^: R ^ R(S^k[G] has image in i? (X> 1 which in turn says that G acts trivially on R. This proves the 
Claim. 

Now let i? be a prime Ik-algebra such that (/ : G) is nonzero for every nonzero ideal / of R. By 
the Claim, it suffices to show that the G-action on C{R) is rational, and by LemmafTSlthis amounts to 
showing that G-action on C{R) is locally finite. So let q G C{R) be given and consider the ideal Dq of 
R as in (O. By hypothesis, we may pick a nonzero element d G {Dq : G). The G-orbit G.d generates 
a finite-dimensional Ik-subspace V C Dq. Moreover, qV is contained in a finite-dimensional G-stable 
subspace W R. Therefore, for all g,h G G, we have {g.q){h.d) — g.{q{g^^h.d)) G W, and 
hence QV C W, where Q C C{R) denotes the Ik-subspace that is generated by the orbit G.q. Thus, 
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multiplication gives a linear map Q HoniB<(F, W) which is injective, because V ^ Q and nonzero 
elements of C(i?) have zero annihilator in R. This shows that Q is finite-dimensional as desired. 

(c) Put C = C{R) and K = k{G), the field of rational functions on G, that is, the field of fractions 
of the algebra k[G]. The algebra Rk — R(i^K is prime by (a) and its proof, and by dU there is a tower 
of fields 

C ^ Fract(C (g) K) ^ C{Rk) ■ 
We will first show that C is a finitely generated field extension of Ik. Since K/k is finitely generated, the 
field Fract(C ® K) is certainly finitely generated over G. Thus, it will suffice to construct a C-algebra 
embedding C C ^ Fract(C ® K). 

To construct such an embedding, consider the natural epimorphism of C(i?K) -algebras RC ®c 
C{Rk) RkC{Rk)- By Lemma [3b), this map is injective, because it is clearly injective on RC. 
Thus, 

RG ®c C{Rk) ^ RkC{Rk) ■ (15) 
Let 6 be the iiT-algebra automorphism of Rk that is defined by A'-linear extension of the G-coaction 

I^r: R®k[G] -^R®k[G] in (Ql: 

(5 = Afl ®^G] Idx : Rk ^ Rk ■ (16) 

Let 5 be the unique extension of 5 to an automorphism of the central closure RkC{Rk ) of Rk ■ Clearly, 
J sends the C{Rk) = Z{RkC{Rk)) to itself. We claim that 

5{G) C Fract(C ® K) ; (17) 

so 5 also sends the Fract(C Cg) K) to itself. In order to see this, pick q G G and d G Dq. Then 

Hq)ARid) = d{q)d{d) = S{qd) = Aniqd) 

holds in RkC{Rk)- Here, both Aji{qd) and A^Xd) belong to Rk C RG ®c (C ® K). Fixing a 
C-basis B for i?C and writing AR{qd) = J2beB and Aji{d) — J2beB ^Vb with Xb, yt & G ^ K, 
the above equation becomes 

Now ( fTsT i yields 5{q)yb = for all b, which proves SvH . Now, for the desired embedding, consider 
the C-algebra map 

/i:C®C — > Fract(C ® if) , c (E) c' ^ 06(0') . (18) 
We wish to show that ^ is injective. To this end, note that the G-action on R extends uniquely to 
an action puc on the central closure RG, and the G-action 1r <S) Pr on Rk extends uniquely to the 
central closure RkC{Rk)- Denoting this latter action by pr, the intertwining formula ( fT2] ) implies that 
S o PRC {9) = Pr{g) o 3: RG RkC{Rk) for all g ^ G. This yields 

fio {Idc (E)pc{g)) = Prig) ° fJ. (19) 

for all g £ G. Thus, the ideal Ker pofG^G is stable under {Ic ^ pc){G)- Finally, since G'~^ = k, we 
may invoke lH] Cor. to Prop. V.10.6] to conclude that Ker p is generated by its intersection with G (g) 1, 
which is zero. This shows that p is injective, and hence the field extension G/k is finitely generated. 

It remains to construct a G-equivariant embedding G ^ K, with G acting on k{G) via the right 
regular representation pr as above. For this, we specialize ( fTsT i as follows. Write G = Fract A for 
some affine Ik-subalgebra A C G. Then Fract(G ig K) — Fract(A (g) ll<[G]), and hence 

p{A®A) C (A® B<[G])[s-i] 

for some 7^ s G A ® k[G]. By generic flatness (e.g., Dixmier HI] 2.6.3]), there further exists 
O^feA^Aso that (A (g) lk[G])[/i(/)"^s"^] is free over (A ® ^)[/~-^] via p. Now choose some 
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maximal ideal m of A with f ^ m ® A. Let / denote the image of f in {A ® A)/ {m ® A) ^ A, and 
let s denote the image of s in (A ® lk[G])/(m ® k[G]) = k[G]. Since /i(m (g> A) ^ mfi{A ® A), the 
map /xj^gyi passes down to a map 

71: A[T']-^B:=k[Gm7r's-'] 

making B a. free A[f ^] -module. Consequently, Ji extends uniquely to an embedding of the fields 

of fractions, Fracty4[/ ] ~ C '—^ FractB = K. Finally, (fT9] l implies that this embedding is G- 
equivariant, which completes the proof of (c). □ 

Returning to the case of a general affine algebraic group G, we have the following 

Corollary 21. Every I e G-Spec R has the form I = {Q : G) for some Q G Spec R with [G : Gq] < 
oo. Moreover, C{I)^ ^ C(g)'^«. 

Proof. We know that I — {P : G) for some P G Spec R; see ^3A\ Let G° denote the connected 
component of the identity in G; this is a connected normal subgroup of finite index in G (e.g., Borel 
ID 1.2]). Put Q = {P : G°). Then Proposition \T9\a) tells us that Q is prime. Furthermore, / = 
(Q : G) and G° C Gq; so [G : Gq] < oo. The isomorphism C(/)'^ C(Q)°« follows from 
Lemma[TOl;b). □ 

3.6. The fibres of the map (Hji. Assume that G is connected. Our next goal is to give a description of 
the fibres of the map Rat R G-Rat R, P ^ [P : G) in Proposition [T2l Following |,6J we denote 
the fibre over a given / G G-Rat R by Rat/ R: 

Rat/i? = {P G Rati? \ {P : G) = 1} . 

The group G acts on Rat/ R via the given action on R. 

Recall that the group G acts on the rational function field lk(G) by the natural extensions of the 
regular representations pr and pi. We let 

HomG(C(i?//),B<(G)) 

denote the collection of all G-equivariant Ik-algebra homomorphisms C{R/ 1) k{G) with G acting 
on lk(G) via the right regular action pr- The left regular action pe of G on lk(G) yields a G-action on 
the set HomG(C(i?//), B<(G)). 

Theorem 22. Lef / G G-Rat R be given. There is a G-equivariant bijection 

Rat/i? — > HomG(C(i?/i),B<(G)) . 

Proof. Replacing R by R/I, we may assume that i = 0. In particular, R is prime by Proposition [T9l 
We will also put G = C(i?) and K = lk(G) for brevity. For every P G Rat i? with (P : G) = 0, we 
will construct an embedding of fields 

such that the following hold: 

(a) tpp{g.c) = pr{g){ipp{cj) and ^g.p = pe{g) o i/jp holds for all g G G, c G G; 

(b) if P, Q G Rat R are such that (Q : G) = (P : G) but Q ^ P then tJjq ^ Vp; 

(c) given a G-equivariant embedding ijj: G K, with G acting on K via pr, we have = V'p 
for some P G Rat P with (P : G) = 0. 

This will prove the theorem. 

In order to construct i/)p, consider the if-algebra {R/P)k = (R/P) ® K. This algebra is rational 
by Lemma|2] We have a centralizing Ik-algebra homomorphism 

<fp: R^ RCi)k[G] ^ {R/P)k , (20) 
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where the canonical map B ® k[G] {R/P)k comes from the embedding lk[G] ^ K and the 
epimorphism R R/P. Since {P : G) = 0, LemmafTT] impHes that Lpp is injective. Since {R/P)k 
is prime, it follows that C^p ~ C holds in Lemma ID Hence ifp extends uniquely to a centralizing 
Ik-algebra monomorphism 

^P-.RC'^ {RIP)kC{{R/P)k) = {R/P)k (21) 

sending C to C{{R/ P)k) = K. Thus we may define ipp := (pp\c ■ C ^ K. It remains to verify 
properties (a) - (c). 

Part (a) is a consequence of the intertwining formulas (fTTT i and ( fT2] i. Indeed, (fT2] i implies that 
ifp{g.r) — Pr{g){fp{f')) holds for all g ^ G and r e i?. In view of Proposition |2jii), this identity 
is in fact valid for ipp and all r G RC, which proves the first of the asserted formulas for ipp in 
(a). For the second formula, consider the map {fp)K that is defined by if-linear extension of ( |20l l to 
Rk = R® K; this is the composite 

K can. 

{^p)k : Rk Rk ^ (i?//')^ , (22) 

where 5 is as in ( fTSI l. The map (p^ pi){g) gives ring isomorphisms i?x and {R/P)k 

{R/g.P)K such that the following diagram commutes: 

5- Rj^ 



{R/P)k {R/9-P)k 
The intertwining formula ( fTTT ) implies that, for all g ^ G, 

{Vg.p)K o (Ifl ® P^)(5') = {PB. ® Pl){9) ° {'Pp)k ■ 

Restricting to R we obtain (fig.p — {pp <S> Pi){9) ° fp, and this becomes ij^g.p = Pi{g) ° ipp on C. 
This finishes the proof of (a). 
For (b), let 

i^p)K:{RC)K^RC(E>K ^iR/P)K (23) 

be defined by iiT-linear extension of {2T[ and put P — Ker{(pp)K- Let Q G Rat R be given such that 
{Q : G) — and let Q = Ker(^Q)x be defined analogously. If Q ^ P then Q and P and are distinct 
primes of {RC)k', in fact, Q n Rk ^ P f) Rk, because the restriction of {^pp)k to Rk is given by 
( |22] |. Since both Q and P are disjoint from RC, Lemma|3jc) gives P n Ck Q H Ca'- This shows 
that {iPp)k and {ijjQ)K have distinct kernels, and so ipp ^ ipg proving (b). 

Finally, for (c), let V' : C ^ K he some G-equivariant embedding. Define a iiT-algebra map 

Pa — > S = RC®cK 

by iiT-linear extension of the canonical embedding R ^ RC. Note that, for c G C, 

c ® 1 = 1 (g) ipic) (24) 

holds in S*. Put 

P = (5(Ker«')nP, 

with (5 as in ( fTSI l. We will show that P is the desired rational ideal. 

The algebra S is if-rational, by Lemma |7] and G acts on S via ppc ®c Pr, where ppc is the 
unique extension of the G-action pp from R to the central closure RC. The map is G-equivariant 
for this action and the diagonal G-action pp (® pr on Rk. Furthermore, by (fT2] i. the automorphism 
S^^ : Rk — ^ Rk is equivariant with respect to the G-actions Ip ® pr on the first copy of Rk and 
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PR<S>Pr onthe second Rk ■ Therefore, the composite 5 ^ : Rk S* is equivariant for the G-actions 
li? ® Pr on Rk and pRc ®c Pr on S. Now consider the centralizing monomorphism of Ik-algebras 

fi: R/P ^ RK/S{KeT^) Rx/Kei-^ S . 

By the foregoing, we have ^{R/P) C 5*^, the Ik- sub algebra of G-invariants in S. Since S is prime, we 
have — C{R/P) in Lemma|4] Hence, /i extends uniquely to a monomorphism fl : R/ PC{R/ P) ^ 
SC{S) = 5 sending C{R/P) to C(5) = Therefore, J1{C{R/P)) C K"^ = k, which proves that 
P is rational. Furthermore, by Lemma [TtI we have (P : G) = A^^(P (g) lk[G]) C 5-i((5(Kcr^')) = 
Ker Since is mono on R, we conclude that [P : G) = 0. It remains to show that ijj = ipp. For 
this, consider the map ipp of ( l2Tl i: so ?/;p = ^p|c- For q E C, d ^ Dq we have 

mod P ® K — (pp{qd) — ipp{q)ipp{d) — 5{tj]p{q)d) mod P ® K 

because "ippio) G K and 5 is if -linear. It follows that tljp{q)d — qd E Kcr^*; so = 'ipp{q)'^{d) — 
'^{qd) = qd 1 = fp{'l)'^{d), where the last equality holds by (l24l i. This shows that ippiq) — ip{q), 
thereby completing the proof of the theorem. □ 

3.7. Proof of Theorem [TJ We have to prove: 

(1) given / G G-Rat R, there is a P e Rat R such that I = (P : G); 

(2) if P, P' e Rat R satisfy (P : G) = (P' : G) then P' = g.P for some .g G G. 

3.7.1. We first show that it suffices to deal with the case of connected groups. Let G" denote the 
connected component of the identity in G, as before, and assume that both (1) and (2) hold for G°. 

In order to prove (1) for G, let / G G-Rat R be given. By Corollary |2T1 there exists Q G Spec R 
with I = (Q : G), G° C Gq and C{R/Q)^'3 = k. Since Gq/G° is finite, it follows that Q is in fact 
G° -rational. Inasmuch as (1) holds for G°, there exists P G Rat R with Q ^ [P : G°). It follows that 
(P : G) -(Q:G) = /, proving (1). 

Now suppose that (P : G) = (P' : G) for P, P' G Rat P. Putting pO = (P : G°) we have 
{P : G) ~ PlxeG/G" ^--^^ ~ ^xeG/G"^^-^ ' ^'^)' ^ finite intersection of G°-prime ideals of R. 
Similarly for P'O = (P' : G°). The equaUty (P : G) = (P' : G) implies that (P' : G°) = [x.P : G°) 
for some a; G G. (Note that if y C 17. y holds for some Ik-subspace V Q R and some g E G then 
we must have V — g.V, because the G-action on R is locally finite.) Invoking (2) for G°, we see that 
P' = yx.P for some y G G", which proves (2) for G. 

3.7.2. Now assume that G is connected. In view of Theorem l22l proving (1) amounts to showing 
that there is a G-equivariant Ik-algebra homomorphism C{R/ 1) lk(G) with G acting on lk(G) via 
the right regular action p^. But this has been done in Proposition [T9l c). For part (2), it suffices to 
invoke Theorem|22]in conjunction with the following result which is the special case of Vonessen ll40l 
Theorem 4.7] for connected G. 

Proposition 23. Let G act on k[G) via pr and let F be a G-stable subfield ofk{G) containing k. Let 
HomG(P, lk(G)) denote the collection of all G-equivariant k-algebra homomorphisms (p: F lk(G). 
Then the G-action on HomG'(P, lk(G)) that is given by g.ip = pe{g) ° f is transitive. 

This completes the proof of Theorem[T| □ 

3.7.3. It is tempting to try and prove (1) above in the following more direct fashion. Assume that R 
is G-prime and choose an ideal P of R that is maximal subject to the condition {P : G) — 0. This is 
possible by the proof of Proposition|8lb) and we have also seen that P is prime. I don't know if the ideal 
P is actually rational. This would follow if the field extension C{R)^ ^ C{R/P)'~^^ in Lemma [Tol 
were algebraic in the present situation. Indeed, every ideal I of R with I ^ P satisfies {I : G) ^ 0, 
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and hence (/ : H) D P. Therefore, Proposition \l9\ h) tells us that the connected component of the 
identity of Gp acts trivially on C{R/P) and so C{R/P) is finite over C(i?/F)'^^. 
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